We show that the representation of black-hole solutions in terms of the variables H M which are harmonic functions in the supersymmetric case is non-unique due to the existence of a local symmetry in the effective action. This symmetry is a continuous (and local) generalization of the discrete Freudenthal transformations initially introduced for the blackhole charges and can be used to rewrite the physical fields of a solution in terms of entirely different-looking functions. 
The FGK formalism developed in Ref. [1] reduces the problem of finding single, static, charged, spherically-symmetric black-hole solutions of a generic 4-dimensional theory of gravity coupled to a number of Abelian vectors A Λ µ and scalars φ i (without scalar potential) to the simpler problem of finding solutions to a dynamical system whose dynamical variables are just the metric function U(τ ) and the scalar fields φ i (τ ); the evolution parameter τ corresponds to a radial coordinate in the black hole spacetime metric. This dramatic simplification allowed the authors of Ref. [1] to derive the very important result, valid for the extremal black-hole solutions of any of these theories including all the 4-dimensional ungauged supergravity theories, relating the attractor values of the scalars on the event horizon with the entropy through the so-called black-hole potential. We will refer to this famous result as the FGK theorem.
Following these results, most of the work in this field has focused on extremal black holes (supersymmetric and non-supersymmetric) since they can be characterized, to a large extent, by the possible attractors and the entropy which, in many supersymmetric theories with large enough duality groups, can be determined by purely algebraic methods.
The FGK formalism was not used for the explicit construction of the extremal solutions, though. The dynamical system is simpler than the original equations but still very non-linear and complicated. The supersymmetric extremal solutions were constructed by methods based on the study of the consistency conditions of the Killing spinor equations. Even though the form of these solutions is known, showing that they solve the equations of motion of the FGK formalism is not a simple task. Non-supersymmetric extremal solutions have received a lot of attention in the last few years: there are more of these than supersymmetric ones and, furthermore, they have a richer structure. A first-order formalism has been constructed for them starting from the FGK dynamical system and a lot has been learned about the possible attractors, entropies etc., see e.g. Refs. [2, 3] . However, not many explicit solutions have been constructed since the first-order equations are not easy to integrate.
Non-extremal black-hole solutions have been left untouched by these developments since the FGK theorem does not apply to them: one needs to construct the explicit solution in order to compute the entropy, the temperature and the dependence of the very important non-extremality parameter r 0 on the physical constants, i.e. mass, electric and magnetic charges and the values of the scalars at infinity. In Ref. [4] a general ansatz for non-extremal black holes of ungauged N = 2, d = 4 supergravity was proposed and it was shown that using this ansatz the equations of motion of the FGK formalism can be solved at least for some simple theories 4 . Non-extremal solutions interpolate between different extremal solutions, supersymmetric and non-supersymmetric alike, that can be recovered by taking the extremal limit. This provides a new method for constructing the extremal non-supersymmetric solutions.
The hyperbolic ansatz proposed in Ref. [4] was based on the assumption that all the blackhole solutions of a given theory have exactly the same expression in terms of some functions H M (τ ), called seed functions. Different solutions correspond to different profiles for the seed functions, since they will satisfy different equations. For supersymmetric solutions, the functions H M (τ ) will just be harmonic functions (linear in the coordinate τ ). For non-extremal solutions,
Ref. [4] proposed that the seed functions H M (τ ) should be linear combinations of hyperbolic functions. The hyperbolic ansatz was known to be valid in the few non-extremal solutions known to the literature [6, 7] . Furthermore, the expression of the physical fields in terms of the H M (τ ) was known to remain the same after the gauging of global symmetries [8] .
The assumption that the black hole solutions have the same form in terms of the seed functions was proven in the formulation of the H-FGK formalism for N = 2, d = 4 supergravity theories, developed in Refs. [9, 10] : this formalism is obtained from the standard FGK one by a change of variables, the new variables being, precisely, the H M s mentioned above 5 . The very existence of the change of variables in all N = 2, d = 4 theories proves the assumption. However, the new formulation has additional advantages: since the new variables are, somehow, the "right" variables, finding new solutions and general results (attractor theorems, first-order flow equations etc.) becomes much simpler [12] 6 . In particular, it is extremely easy to prove that the supersymmetric extremal black-hole solutions with harmonic H M s are solutions of the equations of motion; the situation w.r.t. extremal non-supersymmetric black hole solutions is more complicated.
There are, however, some loose ends in these developments: in Ref. [16, 17] an extremal non-supersymmetric solution for cubic models was constructed in which one of the H M (τ )s, rather than being harmonic, has been shown in Ref. [3] to be the inverse of a harmonic function. Ratios of harmonic functions have been later on discussed and confirmed in Ref. [18, 19] . On the other hand, the general study performed in [12] suggests that in extremal black holes, supersymmetric or not, all the H M s should be harmonic 7 . Furthermore, the hyperbolic ansatz is used together with a simplifying constraint on the variables H M which arises quite naturally in the supersymmetric case [20] , but which has no justification in the non-supersymmetric cases, both extremal an non-extremal. The non-harmonic solutions of Refs. [16, 17, 3, 18, 19] do not satisfy said constraint.
In this paper we take a first step towards the clarification of the situation by showing how the description of a solution in terms of the variables H M is not unique. We are going to show the existence of a gauge symmetry in the 4-dimensional H-FGK formalism that acts on the variables H M in a highly non-trivial and non-linear way but preserves the physical fields of the black-hole solution: the metric function U(τ ) and the complex scalar fields Z i (τ ). This symmetry does not preserve the above-mentioned constraint and, as we are going to see, it can relate a configuration of the H M s that does not satisfy it to another configuration that does: both configurations, however, describe the same physical black-hole solution. Whether the transformed H M that do satisfy the constraint are harmonic is more difficult to prove in general and we will study this problem in another publication [21] .
An interesting aspect of the gauge symmetry that we have discovered is that it is based on a generalization of the Freudenthal duality transformation discovered in Ref. [22] and generalized in the context of N = 8, d = 4 supergravity and generalized to N ≥ 2, d = 4 supergravities in Ref. [23] . The original Freudenthal transformation is a discrete transformation that acts on 5 This formulation is clearly related to the real formulation of local special geometry of Ref. [11] . 6 There is also an H-FGK formulation for black holes and black strings of N = 2, d = 5 supergravity [13, 14, 10] . The derivation of the attractor theorem, first-order flow equations etc. has been done in Ref. [15] . 7 Observe that the hyperbolic ansatz always gives harmonic functions in the extremal limit.
the symplectic vector of magnetic and electric charges of a given theory 8 but one can define the same action on any other symplectic vector of the same theory and, in particular on the variables H M . As we will show, the discrete transformations are a particular case of a continuous local symmetry of the H-FGK.
We start by reviewing in depth the H-FGK formalism for N = 2, d = 4 theories in section (1). In section (2) we discuss the discrete Freudenthal transformations and in section (3) we show that the HFGK action has a Freudenthal gauge symmetry. In section (4) we discuss the interplay of the Freudenthal gauge symmetry with the constraint, identifying the latter as a gauge fixing condition. Finally, in Sec. (5) we present our conclusions and discuss, briefly, the implications of the local Freudenthal symmetry for the extremal solutions.
The H-FGK formalism for N = 2, d = 4 supergravity revisited
The action of all ungauged N = 2, d = 4 supergravity theories coupled to n vector multiplets takes the form
where i, j = 1, . . . , n and Λ, Σ = 0, 1, . . . , n. The scalar-dependent Kähler metric G ij * and period matrix N ΛΣ are related by supersymmetry and can be derived, in general, from a holomorphic prepotential function F (X ) homogeneous of degree 2 in the coordinates X Λ or, equivalently, from a canonically normalized, covariantly holomorphic symplectic
Here M, N, . . . are (2n + 2)-dimensional symplectic indices and we use the symplec-
and Ω M P Ω N P = δ M N to lower and rise the symplectic indices according to the convention
The metrics of all the single, static, 4-dimensional black-hole solutions to these theories can be put in the form
3) 8 The transformation depends on the particular theory under consideration. 9 We will follow the notation and conventions of Ref. [10] .
where r 0 is the so-called non-extremality parameter and U(τ ) the metric function that characterizes a particular solution 10 . Assuming that all the fields are static and spherically symmetric, so that they only depend on the radial coordinate τ , the action (1.1) reduces to the FGK effective action [1] 
which has to be supplemented by the Hamiltonian constraint
In the above formulae V bh (Z, Z * , Q) is the so-called black-hole potential and is given by
and M M N (N ) is the symmetric, symplectic matrix defined by
Observe that since there is no explicit τ dependence in the effective action (1.4), the corresponding Hamiltonian must take a constant value: the Hamiltonian constraint (1.5) fixes this a priori unconstrained value to be r 2 0 . The change of variables that brings us to the H-FGK formalism is inspired in the general form of the timelike supersymmetric solutions of these theories obtained by analyzing the consistency of the Killing spinor equations (see e.g. Ref. [24] ): given an N = 2, d = 4 theory with canonical symplectic section V M , introducing a complex variable X with the same Kähler weight as V M , we can define the real Kähler-neutral symplectic vectors
The components R M can be expressed in terms of the I M by solving a set of algebraic equations commonly called the stabilization equations [25] (although this name is used with a different meaning in part of the literature), but to which we shall refer henceforth, for reasons that will become clear in the following and to avoid confusion, as the Freudenthal duality equations. The functions R M (I) are characteristic of each theory, but they are always homogeneous of first degree in the I M . Given the fact that, in supersymmetric solutions, the I M are harmonic functions, it is customary to relabel these variables as
(1.9) 10 More information about this metric can be found in Ref. [4] . 10) which is homogeneous of second degree in H M . The relation betweenH M and H M can be inverted and the Hesse potential can also be written as W(H); from the homogeneity of W one can deduce thatH
Given those functions we can define the Hesse potential W(H) [26, 9, 10]
Of special importance to the H-FGK formalism is the symmetric symplectic matrix M M N (F ) which is obtained by replacing in the expression (1.7) the period matrix N ΛΣ by
where F (X ) is the prepotential of the theory; the relation between them can be seen to be
From the fundamental properties of the matrix M(F ), namelỹ
(1.14)
one can infer that 15) this equation can be rewritten using eqs. (1.11) as 16) which is equivalent to saying that M is a symplectic matrix. Eq. (1.15) tells us that the Hesse potential W is closely related to the prepotential and is to be considered a real prepotential.
Observe that the above discovered Hessianity implies that
, whereas the homogeneity implies
Now, using general properties of Special Geometry and the above properties one can rewrite the effective action (1.4) and Hamiltonian constraint (1.5) entirely in terms of the new variables H M [10] :
where we have defined the H-dependent metric 20) and the potential
The relation of this potential to the black-hole potential (1.6) is given by
Discrete Freudenthal transformations
The relation between the tilded and untilded variables can be understood as a duality transformation H M →H M which can be iterated if we defineH M ≡H M (H). Using the properties in Eqs. (1.11-1.17), we find that this duality is an anti-involution, e.g.
It is not difficult to see that the duality transformation is just the generalization to N = 2, d = 4 supergravity theories made in Ref. [23] of the Freudenthal duality introduced in Ref. [22] in the context of N = 8, d = 4 supergravity. The same operation can be performed on any symplectic vector of a given theory and, in particular, on the charge vector Q.
In Ref. [23] it was shown that the entropy and the critical points of the black-hole potential are invariant under Freudenthal duality. We will recover this result later as a particular case of the invariance of the H-FGK system under local Freudenthal rotations.
The variables we have just defined are related to the physical variables of the FGK formalism U, Z i by [10] 11
We can immediately see that the physical variables are invariant under the above Freudenthal duality transformations, i.e.
3)
It is interesting to study how the central charge changes under Freudenthal duality: first, we rewrite the central charge, whose definition is Z(φ, Q) ≡ V | Q in the form
where e iα is the phase of X and satisfies the equation [24] 
where Q ⋆ is the pullback of the Kähler connection 1-form
Under discrete Freudenthal duality transformations, W(H), the scalars and the Kähler potential are invariant. α is also invariant and
which implies that
but its absolute value will remain invariant.
Observe that when these Freudenthal transformations are non-linear (which is the general case), if we transform a supersymmetric solution, which must have harmonic H M s of the form
we will obtain non-harmonic H M and the transformed solution couldn't possibly be supersymmetric. We must remember, however, that all the physical fields are invariant, whence their supersymmetry properties must also remain invariant. This implies that the variables H M cannot immediately be identified with those appearing in the analysis of the Killing spinor equations: this is possible only up to discrete Freudenthal transformations.
The near-horizon limit of the transformed H M s is dominated by the Freudenthal dual of the charges Q M , defined in Refs. [22, 23] , namelỹ
Local Freudenthal rotations
In the change of variables taking us to the H-FGK formalism, we have gone from a formulation based on 2n + 1 real variables, namely U and the Z i , to one which is based on 2n + 2 variables, whence we obtained an over-complete formulation. This suggests that there should be a local symmetry in the H-FGK formalism allowing the elimination of one of its degrees of freedom. The variables H M , on the other hand, transform linearly under the duality group (embedded in Sp(n + 1; R)), as follows from its definition.
The looked-for gauge symmetry can be found by observing that the metric g M N is singular: using the properties (1.14-1.17) it is easy to show that it always admits an eigenvector with zero eigenvalue, namely 12 :
2)
The equations of motion in the H-FGK formalism are
where, as g M N is not invertible, we have used the Christoffel symbol of the first kind, i.e.
Using the properties (1.14-1.17) it is not difficult to show that
This is a constraint that relates the equations of motion of the H-FGK formalism. This kind of constraints arises in systems with gauge symmetries, as consequence of Noether's second theorem and is a gauge identity. Indeed, multiplying the constraint by an arbitrary infinitesimal function f (τ ) and integrating over τ we find that Eq. (3.5) implies
where we have defined the local infinitesimal transformations
As one can expect from a gauge invariance, this transformation leaves invariant the physical variables of the FGK formalism U, Z i . To check it, it is enough to use 12 For the sake of completeness we also quote the relation
which can be integrated straightforwardly to a finite rotation, namely 
This shows that it is always possible to impose the constraint Eq. (4.2) without loss of generality because it can be understood as just a good gauge-fixing condition.
Conclusions
The extremal static black-hole solutions of N = 2, d = 4 supergravity constructed so far in the literature and written in terms of the variables H M can be classified using two criteria: the harmonicity of the H M s and whether they satisfy the constraint H MḢ M = 0 or not. Out of the four possible cases, represented in table (1), the equation of motion Eq. (4.1) excludes the one corresponding to the upper right corner. The upper left corner corresponds to the supersymmetric black-hole solutions and, as shown in Ref. [4] , also to some non-BPS solutions as well. The lower-right corner corresponds to the extremal non-BPS solutions discovered in Refs. [16, 17, 3, 18, 19] and the lower-left corner does not correspond to any known solution.
In this paper we have shown that the representation of the solutions in terms of these variables is non-unique due to the presence of the local Freudenthal invariance. Furthermore, we have shown that this symmetry can be used to transform all the solutions in the lower-right corner to solutions in the left column. It is not yet clear whether they will be transformed into solutions in the upper or lower row although preliminary results in simple examples suggest that, typically, they will transformed into solutions in the lower-left corner. The form of the H M s in this class is probably quite complicated as they must satisfy the equatioñ 1) and, at the same time,Ḧ M = 0. Furthermore, solutions of this kind must be possible only in very special cases and only in some theories, as it happens for the solutions in the lower-right corner. Clearly, more work is needed to arrive at a complete understanding of the situation and to chart the space of extremal black-hole solutions of these theories. The non-extremal case is even more challenging. Work in these directions is in progress [21] . 
